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A model for explaining deviations of positions in self-organized nanoparticles on a substrate from
their corresponding positions in perfect organization is proposed. The model predictions were
compared with SEM/TEM images and reported by some authors. We found a consistence
between the model predictions with the data of Ag, Fe3O4 and SiO2 nanoparticles organization on
various substrates.
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1. Introduction

Self-organization of nanoparticles has attracted a
great attention due to many potential applications
in nanoelectronics, nanophotonics, magnetoelec-
tronics, biochemical sensing, nanolithography,
computer applications, etc.1�5 However, most of
the organization process was always accompanied
by deviations of particle positions from perfect

organization.6�9 Theoretical explanation is necess-

ary to identify the reasons why such a deviation

occurs and furthermore to control such deviation.

Some theoretical studies have been proposed to

explain self-organization of nanoparticles. An ex-

ample is a theory based on bonding between

two °at solid surfaces.10�12 Using columbic and

dipole�dipole energies, Talapin et al. proposed a
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model for explaining why the organization in a super
hexagonal lattice is better than in face centered
cubic lattice for nearly spherical PbS, PbSe and
�-Fe2O3 nanocrystals.

13

Mostly, the models proposed by authors were not
addressed to explain the deviation of nanoparticle
positions from the perfect lattice points. The
objective of this work is to propose an alternative
model for describing this phenomenon. This model
was based on the assumption that the deviation is
mainly governed by oscillation of the nanoparticles
during the liquid drying which is caused by Van der
Waals interaction. The model predictions were then
compared with several SEM/TEM images reported
by several authors. An acceptable consistency
between the model predictions and the experimental
data was identi¯ed.

2. Methods

Suppose the distance between particles in perfect
organization is r0. The true distance might deviate
from the distance position by r. We will determine
the distribution of this deviation for a distinguish-
able particle assembly. If the number of particles
deviating by r is nðrÞ, the density of state can be
written as gðrÞ ¼ crD�1, with c is a constant and D
is the dimensionality of organization. The number of
ways of distributing N particles so that there are

nðrÞ particles at gðrÞ states is W ¼ N!
Q

r gðrÞnðrÞ=
nðrÞ!.14 By assuming that both N and nðrÞ are very
large, we may approximate

lnW ¼ N lnN �N

þ
X
r

½nðrÞ ln gðrÞ � nðrÞ lnnðrÞ þ nðrÞ� :

ð1Þ
The total number of particles at all states and the

total energy of all particles at any displacements are
N ¼ P

r nðrÞ and E ¼ P
r nðrÞ"ðrÞ, respectively,

with "ðrÞ is energy of a particle having a deviation r
and assuming this energy is function of deviation
only.

We minimize ln W by applying constraints that
both N and E are conserved, and introducing two
Lagrange multipliers � and � so that the \steady

state" distribution reads nðrÞ ¼ gðrÞe�e�"ðrÞ. Using
the same reasons as discussed in statistics of gases,14

we will identify that � ¼ �1=kT with k is the Boltz-
mann constant and T is the absolute temperature,

and the explicit expression for nðrÞ becomes

nðrÞ ¼ ce�rD�1e�"ðrÞ=kT : ð2Þ

The total number of particles isN ¼ R rmax

0
nðrÞdr. By

assuming that rmax is very large wemay approximate

N ¼ R1
0

nðrÞdr.
Let us consider two-dimensional organization of

nanoparticles, the case which frequently observed in
self-organization of nanoparticles on substrates, and
mostly they arrange in hexagonal structures. In this
structure, each particle is connected equidistantly to

six other particles. Suppose ~R0i is the position of the
ith particle at the perfect organization. The true

position can be written as ~Ri ¼ ~R0i þ~ri, with ~ri as
deviation from the perfect position. The interaction
energy between the ith and jth particles can be

written as ’ð~Ri � ~RjÞ ¼ ’½ð~R0i � ~R0jÞ þ ð~ri �~rjÞ�,
¼ ’ð~r0ij þ~ri �~rjÞ with ~r0ij ¼ ~R0i � ~R0j is the

relative position between the ith and the jth par-
ticles at the perfect organization. In the hexagonal
organization, j~r0ijj ¼ r0 for all i and j and ~ri �~rj is

the relative displacement between the ith and the
jth particles in the true position. If displacements
are small, or j~rij � r0 for all i, we can approximate

�ð~Ri � ~RjÞ ¼ �ð~r0ijÞ þ
1

2
�ð~ri �~rjÞ2 ; ð3Þ

with � ¼ r2�ð~Ri � ~Rj ¼ ~r0ijÞ is the spring con-

stant.
At ¯nal drying process, we assume the prominent

force acting on the particle as the Van der Waals
one. The interaction potential between two spheri-
cal particles separated by x is �ðxÞ ¼ �ðA=6Þ�
½d2=2x2þ d2=2ðx2 � d2Þþ lnð1� d2=x2Þ�, with A is
the Hamaker constant and d is the particle diam-
eter.15 Based on this potential energy, we can derive
the spring constant as � ¼ @ 2�=@x2jr0 .

Equation (3) suggests that the interaction energy
between particles can be replaced by the elastic
energy under the assumption that the displacements
are very small compared to the particle distance.
The spring constant of this elastic energy is derived
from the Van der Waals energy.

Consider a unit of hexagonal cell containing one
particle at the center and the six other particles are
distributed equidistantly around it [see Fig. 1(a)]. If
the central particle is deviated by r toward one of
the six springs [see Fig. 1(b)], we can show that the
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net force experienced by this particle is Fr ¼
�3�ðrþ r3=2r20Þ and the potential energy is

" ¼ �
Z r

0

Frdr ¼
3

2
�r2ð1þ �r2Þ ; ð4Þ

with � ¼ 1=4r20. We can consider � as a pertur-
bation constant. This energy expression behaves as
nonlinear oscillation equation16 and has been used
to explain the dynamics of coupled domain walls
oscillations.17

Using Eq. (4) for calculating the total number

of particles we will have ce� ¼ 2N
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6��=�kT

p
exp½�3�=8�kT �=erfc½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3�=8�kT
p �, with erfc½x� is the

error function. With this result, the ¯nal expression
for particle deviation distribution becomes

nðrÞ �
2N

ffiffiffiffiffiffiffiffiffiffi
6��

�kT

r

erfc

ffiffiffiffiffiffiffiffiffiffiffiffi
3�

8�kT

r� � e�3�=8�kT re�
3
2�r

2ð1þ�r 2Þ=kT

ð5Þ
and the root mean square of particle deviation from
the perfect position is

ffiffiffiffiffiffiffiffiffi
hr2i

p
¼ 1

6�

ð2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6�kT=��

p
exp½�3�=8�kT �Þ

erfc½ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3�=8�kT

p � � 3

" #( )
1=2

:

ð6Þ
We also derived the force and potential energy

experienced by a particle deviated from its
equilibrium position in a square structure. The

expressions for the force and the potential energy

are Fr ¼ �2�ðrþ r3=2r20Þ and " ¼ �r2ð1þ �r2Þ,
respectively, with � ¼ 1=4r20. Both expressions are
nearly the same as the expressions for particle in the
hexagonal structure.

3. Results and Discussion

We veri¯ed the model predictions with the observed
data reported by several authors. Because most of
the observed nanoparticle organization occurred in
the hexagonal structure, at the present work, com-
parison between the experimental data and theor-
etical predictions are performed for such structure.
Figure 2(a) shows the TEM images of silver nano-
particles on a substrate18 and the corresponding
distribution of particle deviation from perfect pos-
ition predicted by the present model. Measurement
from the image we obtained that the particle di-
ameter and the average distance are 4.8 nm and
7.66 nm, respectively, and the average deviation of
particle organization is 0.51 nm. The average dis-
tance was determined by averaging the distances of
hundreds of particles in the images, or r0 ¼P

ij Rij=Nij where Rij is the distance between the

ith and the jth particle in the images and Nij is the

number of pairs counted. The average deviation was

calculated by
ffiffiffiffiffiffiffiffiffihr2ip ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

ij ðRij � r0Þ2=Nij

p
.

The Hamaker constant of silver particle is
AAg ¼ 5:10�19 J.19 Using this data, the theoretical

spring constant is 29:9� 10�22 J/nm2. We have

γ
γ

γ

γ
γ

γ

(a)

θ

θ

(b)

Fig. 1. (a) All particles occupy the perfect positions in a hexagonal organization and (b) The center particle is deviated by r from
the perfect positions.
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tried to calculate the deviation [see Eq. (6)] using
this spring constant and identi¯ed a great dis-
crepancy with the experimental data. We then tried
other values of the spring constant and ¯nally
obtained a good comparison with the experimental
data using a spring constant which was three times
larger. Using this larger spring constant, we simu-
lated the average deviation of the particle position,
0.55 nm, which is very close to the experimental
data.

The comparison was also performed for Fe3O4

nanoparticles20 [see Fig. 2(b)]. Measurement on the
TEM image showed the average particle diameter is
6.6 nm and the average deviation is 1.18 nm. The
Hamaker constant of Fe3O4 is 2:1� 10�19 J.21,22

Using this data we obtained the theoretical spring
constant of 4:56� 10�22 J/nm2. In the simulation,
we used a spring constant of three times larger and
obtained the simulated average deviation of 1.39 nm
which is very close to the measured data.

Finally, the comparison was also done for silica
nanoparticles23 [see Fig. 2(c)]. The measured aver-
age diameter and average deviation are 15 nm and
1.62 nm, respectively. Using the Hamaker constant
of 6:6� 10�20 J,24 we obtained the theoretical
spring constant of 2:60� 10�22 J/nm2. In the
simulation, a better comparison with the exper-
imental data was obtained by using four times lar-
ger spring constant, where the simulated particle
deviation is 1.71 nm. Table 1 summarizes the
measured data and the simulated results.

The better ¯ttings obtained using spring con-
stants of three or four times larger than the spring
constants derived theoretically can be explained as
follow. In the model proposed here, the force ex-
perienced by a particle was assumed only the Van
der Waals force due to other particles. Indeed, this
is not the only force experienced by the particle.
Other forces such as Van der Waals force between
particle and substrate (°at surface) and drag force

(a) (b)

 

(c)

Fig. 2. TEM or SEM images of nanoparticles organized on substrates and the corresponding distribution of particle deviation from
perfect position: symbols are calculated from the images and lines are ¯tting data using Eq. (5). (a) Silver nanoparticles,18 (b) Fe3O4

nanoparticles,20 and (c) SiO2 nanoparticles.23 The ¯tting parameters used in simulation appear in Table 1. Copyrights from:
(a) American Chemical Society.com, (b) Institute of Physics and (c) American Chemical Society.com.
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due to relative motion with respect to °uid during
evaporation will contribute also on the total force
on the particle. The potential of this interaction is
�ps ¼ �Ad=12z, with d and z are, respectively, the

separation between the particle and the substrate.24

The typical magnitude of z is 4�A,25 so the potential
of interaction can be written as: �ps ¼ �A 0d with

A 0 ¼ ðA=48Þ:1010 J/m. By assuming A � 10�19 J
(see Refs. 21, 22 and 24) and d � 10 nm as obser-
vation above, we approximated �ps ffi 10�20 J,

which is around several times larger than the
spherical�spherical Van der Waals potential
(about �pp ffi 10�21 J).

Castellanos26 showed that the Van der Waals
force between particle and °at surface can be two
times larger than the Van der Waals force between
particles. If we have determined the spring constant
derived by considering only interaction between
particles, the more realistic spring constant used in
simulation should be around three times larger
when considering also interaction between particles
and °at surface. The e®ective spring constant might

be much larger when considering all other inter-
actions. This is likely the reason why the spring
constant of three or four times larger than the spring
constant derived by considering only Van der Waals
interaction between particles have given better ¯t-
tings. However, extensive work must be done to
con¯rm this hypothesis so that the theory will be
applicable for explaining organization of any par-
ticles on any substrates.

The smoothness of particle or substrate surface
might generate additional force on the particles. As
described by Castellanos,26 changing the roughness
can change the Van der Waals force to several
orders of magnitude. Di®erence in roughness might
be the factor responsible for producing four times
larger e®ective spring constant on SiO2 organiz-
ation. However, further investigation is still
required to prove this proposal.

Figure 3 shows the distribution of deviation for
particles having di®erent mean diameters. This
simulation was applied to particles of a speci¯c
material on the same substrate. The deviation
decreases as the mean diameter increases. It is
caused by increasing in the Van der Waals inter-
action among the particles to imply the strength-
ening of the spring constant which ultimately
decreases the deviation.

For further advantage, if the e®ective particle
diameter is increased by adsorbing polymers, poly-
mer brushes or surfactants on the particle surface,27

the deviation becomes smaller. When the coating
material is ¯nally removed, the end-product will be
self-organized nanoparticles at small deviation.

Figure 4 shows that the deviation increases with
increasing the temperature of colloid during organ-
ization process. This can be understood in terms of
higher kinetic energy of the particle to increase the
random (Brownian) movement of the particles.

Although this model was applied for organiz-
ations in hexagonal structure, however, it can be

Table 1. The ¯tting parameters, measured data and simulated data.

Spring constant (�10�22 J/nm2) Root mean square of deviation (nm)

Organized nanoparticles
Derived from

Van der Waals energy
Used in this
simulation

Measured from
TEM/SEM images

Calculated in this
simulation

Silver18 29.9 3� 29:9 0.51 0.55
Fe3O4

20 4.56 3� 4:56 1.15 1.39
SiO2

23 2.60 4� 2:60 1.71 1.62

0 1 2 3 4 5 6

F
re

q
u

en
cy

 (
a

.u
.)

Deviation, r  (nm)

 4.5 nm
 5 nm
 5.5 nm
 6 nm
 6.5 nm
 7 nm

Fig. 3. The pro¯le of deviation distribution for di®erent
nanoparticle mean diameters.
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applied for other organizations by reformulating the
expression of interaction energy. The model can also
be made more precise by taking into account other
interactions that have not been considered in this
work.

4. Conclusion

The deviation of nanoparticle positions in self-
organized sample relative to the corresponding
positions in perfect organization has been explained
by a nonlinear oscillation model. The model pre-
dictions well ¯t experimental observations on the
organizations of Ag, Fe3O4 and SiO2 nanoparticles.
Better ¯ttings were obtained by using larger spring
constant compared to the theoretical ones. Inter-
action between particles and substrates and their
surfaces smoothness likely contributed to increasing
the e®ective spring constant. The model might be
extended to explain other organized phenomena of
nearly organized phenomena even in living things,
such as °ock of birds or school of ¯shes.
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